EXPONENTS OF 2-MULTIARRANGEMENTS AND 
MULTIPLICITY LATTICES 



ABE, TAKURO AND NUMATA, YASUHIDE 

Abstract. We introduce a concept of multiplicity lattices of 2- 
multiarrangements, determine the combinatorics and geometry of 
that lattice, and give a criterion and method to construct a basis 
for derivation modules effectively. 



1. Introduction 

Let IK be a field and V a two-dimensional vector space over K. Fix a 
basis { x, y } for V* and define S := Sym(V*) ~ K[x, y]. A hyperplane 
arrangement A is a finite collection of affine hyperplanes in V. In this 
article, we assume that any H e A contains the origin, in other words, 
all hyperplane arrangements are central. For each H £ A, let us fix 
a linear form an G V* such that ker(aff) = H. For a hyperplane 
arrangement A, a map \i : A —>■ N = Z>o is called a multiplicity and 
a pair (A, fJ,) a multiarrangement. When we want to make it clear 
that all multiarrangements are considered in V ~ K 2 , we use the term 
2 -multiarrangement. (Ordinary, a 2-multiarrangement is defined as a 
pair (A, m) of a central hyperplane arrangement A and multiplicity 
function m : A — > Z >0 . From a 2-multiarrangement (.A,//) in our 
definition, we can obtain a 2-multiarrangement (A', m) in the original 
definition by assigning A' = // _1 (Z>o) and m = fj,\^>. We identify 
ours with the original one in this manner.) To each multiarrangement 
(A, (J,), we can associate the S'-module D(A,fx), called the derivation 
module by the following manner: 

D(A, ti):={Se Der K (S) | S(a H ) E S ■ a^ H) (V// G A) } , 

where DerK(S') := S-d x ®S-d y is the module of derivations. It is known 
that D(A, is a free graded S'-module because we only consider 2- 
multiarrangements (see [8], [7] and [15]). If we choose a homogeneous 
basis {9,6'} for D(A,fM), then the exponents of (A,//), denoted by 
exp(A, fx), is a multiset defined by 

exp(A) := (deg(0),deg(0')), 

where the degree is a polynomial degree. 
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A multiarrangement is originally introduced by Ziegler in [TS] and 
there are a lot of studies related to a multiarrangement and its deriva- 
tion module. Especially, Yoshinaga characterized the freeness of hyper- 
plane arrangements by using the freeness of multiarrangements ( |13j 
and [13]). In particular, according to the results in [13], we can obtain 
the necessary and sufficient condition for a hyperplane arrangement 
in three-dimensional vector space to be free in terms of the combi- 
natorics of hyperplane arrangements, and the explicit description of 
exponents of 2-multiarrangements. This is closely related to the Terao 
conjecture, which asserts that the freeness of hyperplane arrangements 
depends only on the combinatorics. However, instead of the simple 
description of the exponents of hyperplane arrangements, it is shown 
by Wakefield and Yuzvinsky in [UJ that the general description of the 
exponents of 2-multiarrangements are very difficult. In fact, there are 
only few results related to them (PQ, [2] and [ID])- Recently, some the- 
ory to study the freeness of multiarrangements are developed by the 
first author, Terao and Wakefield in [5] and [6], and some results on the 
free multiplicities are appearing ([3]). In these papers, the importance 
of the exponents of 2-multiarrangements is emphasized too. Hence it 
is very important to establish some general theory for the exponents of 
2-multiarrangements. 

The aim of this article is to give some answers to this problem. Our 
idea is to introduce the concept of the multiplicity lattice of the fixed 
hyperplane arrangement. The aim of the study of this lattice is simi- 
lar, but the method is contrary to the study in [IT] , for Wakefield and 
Yuzvinsky fixed one multiplicity and consider all hyperplane arrange- 
ments with it, but we fix one hyperplane arrangement and consider 
all multiplicities on it. Let us fix a central hyperplane arrangement 
A = { Hi, . . . , H n } and the lattice A = N'- 4 ' of compositions of nonneg- 
ative integers whose lengths are \A\. We identify /iG A with the map 
A — > N such that ^{Hi) = fa for Hi G A. Define a map A : A — > Z>o 
by 

A(/z) :=|deg(^)-deg(^)|, 

where { 9^,9'^ } is a basis for D(A, fa) such that deg(6' Ai ) < deg(^). If 
we put A':=A\A _1 ({0}), then 6^ is unique up to the scalar for each 
H G A', though 6' is not. Hence 9 ^ for fj, G A' is expected to have some 
good properties. Roughly speaking, our results about this problem are 
summarized as follows: 

(1) For a maximal connected component C of A'. Also, C has in- 
finitely many elements if and only if C has unbalanced elements 
(Theorem 13. ip . 

(2) A finite maximal connected component C of A' is a ball and 
A(fa) is determined by the radius of C and the distance between 
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ji and the center of C for each // G C. Equivalently, for each 

H G C, exp(«4, /i) is determined by them (Theorem 13.21) . 
(3) If distinct maximal connected components C and C of A' are 

next to each other, then 6^ and 6^ are S'-linearly independent 

for fieC, n' EC (Theorem El- 
The results above and Saito's criterion (Theorem 14. If) imply that the 
set { 9^, 9,ji } forms a basis for D(A, /x) and by using this basis we can 
describe any basis for D(A, v) such that /i A /j! < v < /i V //, where 
\i G C and // G C respectively attain the maximal values of A on 
distinct maximal connected components C and C (Theorem 13.91) . 
Hence to determine the basis for 2-multiarrangements, it is effective to 
determine the shape, topology and combinatorics of A'. 

Now the organization of this article is as follows. In Section [2j we 
introduce some notation. In Section [3l we state the main results. In 
Section HI we recall elementary results about hyperplane arrangement 
theory and prove the main results. In Section [5j we show some appli- 
cations of main results, especially determine some exponents of multi- 
arrangements of the Coxeter type. 

2. Definition and Notation 

In this section, we introduce some basic terms and notation. Let K 
be a field, V a two-dimensional vector space over K, and S a symmetric 
algebra of V*. By choosing a basis { x, y } for V*, S can be identified 
with a polynomial ring K[x, y\. The algebra S can be graded by poly- 
nomial degree as S = © ieN Si, where Si is a vector space whose basis 
is { x J y l - J \j = 0,...,i}. 

Let us fix a central hyperplane arrangement A in V, i.e., a finite 
collection {Hi, ... , H n } of linear hyperplanes in V. For H G A, fix 
olh G Si such that ker(a^) = H. The following new definition plays 
the key role in this article. 

Definition 2.1. We define the multiplicity lattice A of A by 

A := (N) 1 " 4 ' = (N) n . 

Let us identify \i = (fj>i, . . . , fi n ) G A with the multiplicity /i : A — > N 
defined by ^{Hi) := fi H . = ^ Hence a pair (A, /i) can be consid- 
ered as a multiarrangement. The set A has a structure of a lattice as 
compositions of nonnegative integers, i.e., 

/Lt C v /in < vh for all H. 

For /Lt, v G A, the binary operations A and V are defined by 

/i A v :— inf { /x, v } , 

/i V v := sup { /Lt, i/ } , 

i.e., (/i A i/)h = min { i/# } and (/Li V z/)h = max { flu, }■ For 
/U G A, we define the size |/x| of // by |/i| := Y^He A ^ ne com P os hion 
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0, which is defined by 0# = for all H G A, is the minimum element. 
The covering relation fx C f is defined by /z C f and + 1 = |z/|. 
The graph whose set of edges is { (/i, v) G A 2 | /x C z/ } and whose set 
of vertices is A is called the Hasse graph of A. We identify A and its 
subset with (the set of vertices of) the Hasse graph and its induced 
subgraph, respectively. For fi, v G A, we define the distance d(fi, v) 
by d(n,v) := J^HeA ~~ v h\- For C,C C A, we define d(C,C) by 
d(C, C) := min { d(/x, fi') \ fx, & C, fx' G C }. For /j G A and d G N, we 
define the ball B(fi, d) with the radius d and center fx by -B(/i, d) := 
{ f G A | i/) < d}. 

Definition 2.2. We define a map A : A — > N by 

A(/i) := |di - d 2 |, 
where (di, d 2 ) are the exponents of a free multiarrangement (.4., /i). 

Definition 2.3. Let A' denote the support A _1 (Z> ). For H G A, let 
us define A H to be the set 



fX G A 



1 . 



We define A0 and A'@ by 

A«:=A\([jA ff ) = LA ^< hpWHeA)), 

H&A L ^ J 

A' := A n A'. 

Roughly speaking, Aq consists of balanced elements while A# consists 
of elements such that H monopolizes at least half of their multiplicities. 

For each fx G A', there exist 6> M and 9' such that deg(# M ) < deg(9' ) 
and { 6> M , 9' } is a homogeneous basis for D(A, fx). Since A(/i) 7^ 0, 9^ 
is unique up to nonzero scalar for each fx G A'. Hence we can define 
a map 9 : A' — > £)(^4, 0) = Der K (S') by := 9 ^ (up to scalar, or 
regard the image of 9 as a one-dimensional vector space of D(A, 0)). 

Definition 2.4. Let us define cc(A'), cc (A') and cc^A') by 



cc(A') 
cco(A') 

CCoo(A') 



= { maximal connected components of A' } , 
= {Cgcc(A / ) I |C| < 00}, 
= {Cgcc(A') I \C\ = 00}, 



where fx and v are said to be connected if there exists a path from fx 
to v in the induced subgraph A' of the Hasse graph. For C G cc(A'), 
fx G C and H £ A, the set C Mi # is defined by 

C^h = {v \ v H , = fx H , for each #'g^4\{#}}. 

Definition 2.5. For C G cc (A'), we define P(C) by 

P(C) :={fxeC\ A(fi) = max { A(v) \ v G C } } 
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and P(A') by 

P(A'):= |J P(C). 

Cecco(A') 

Definition 2.6. For a saturated chain p in A, i.e., a sequence p = 
(p^, . . . , p^) of elements in A satisfying pW £ we define a~ by 

a p = n ^ 

i: A(p<0) > A(p( i+1 )) 

where a;j = an such that p# + 1 = p H +V> - 

3. Main Results 

In this section we state the main results. First let us give three 
theorems which show the structure of A'. 

Theorem 3.1. We have the following: 

• For each C G cc (A') ; C C A|. Moreover, (Jcecco(A') ^ = 

• c Coo (A') = {A H I He A}. 

• Any maximal connected component of A \ A' = A _1 ({ }) con- 
sists of one point, i.e., all of them are singletons. 

Theorem 3.2. Let C G cc (A') and p G P(C). Then 

C = B(p,A(p)), 

and, for v G C, 

A(u) = A(p)-d(p,u). 

In particular, for C G cco(A'), P(C) consists of one point. 

Corollary 3.3. For p G P(C) and v G A satisfying d(p, v) < A(p) + 2, 

A(u) = \A(p)-d(p,u)\. 

Next result implies the independency of "low-degree" bases. 

Theorem 3.4. Let C,C G cc (A') such that d(C,C) =2. If p E C 
and p! G C , then { 9^, 9^ } is S-linearly independent. Moreover, if 
C G cc(A') and p, p! G C , then { 9^, 9^ } is S-linearly dependent. 

The theorems above imply the following three corollaries, which en- 
able us to construct the basis for D(A,p) effectively. 

Corollary 3.5. Let iV C Aj such that A$ \ N does not have any con- 
nected component whose size is larger than 1, $ : N — > D(A, 0) such 
that ftp G D(A, p) and deg $ M < -y-. Then the following are equivalent: 

• { tip, "&v } is S-linearly independent if 

min i d( 11 v\ ^ an< ^ ^ aTe * n same conne cted component in N 1 c\ 

\ Kr 1 ) J u and u' are in the same connected component in N J '"' 
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• N = A' . 

Corollary 3.6. Let N C A and d : N -> £>(.A, 0) suc/i f/iat $ M G 
.D(y4., deg^ < ^ and A'(/i) = |/i| - 2degt? M > 0. Assume that 
B(fi, A'(n)) and B(u,A'(u)) are disjoint for /i ^ v G A, and i/iai 
A \|J Mg7V P(//, A\\xj) has no connected components whose size is larger 
than 1 . Then the following are equivalent: 

• { "&v } are S-linearly independent if A'(/i) + A'{y) = d(fi, v). 

• N = P(A) and t?„ = 6» M /or eac/i G P(A). 

Corollary 3.7. Let A = { fi G A | is odd. } and d : A — >■ D(y4, 0) 
snc/i £/iat ^ G D{A, [x) and deg0 M < -y-. Define the equivalence rela- 
tion ~ generated by 

/i ~ i/ -<=>- { t?^, $„ } is S-linearly dependent and d(/i, v) = 2. 

T/ien t/ie following are equivalent for /j,, v G A: 

• fx,u G C G cco(A'). 

Remark 3.8. In Corollaries 13.51 13.61 and 13.71 we do not require the 
condition deg^) = deg(^). 

Finally we state the theorems which describe the behavior of the 
basis near, or between the centers of connected balls. 

Theorem 3.9. Assume that fi,u G A' belong to distinct connected 
components and satisfy A(/z) + A(u) = d(fi,u). Let n G A such that 
yuA^C/tC/iVz/, and 

n — TT ^ max { K ff-MH,o} 

#6.4 

HeA 

Then { ot^ K 6^, a v>K 6 v } is a homogeneous basis for D(A, k). 

Corollary 3.10. For each /i G A 0; we can construct a homogeneous 
basis for D(A, n) from the restricted map 0|p(A'V 

4. Proofs of Main Results 

In this section, we prove the main results. To prove them, first we 
recall a result about hyperplane arrangements and derivation modules. 
The following is the two-dimensional version of the famous Saito's cri- 
terion, which is very useful to find the basis for D(A, m). See Theorem 
8 in [15] and Theorem 4.19 in [7] for the proof. 

Theorem 4.1 (Saito's criterion). Let (A, /j) be a 2-multiarrangement 
and 9i,02 G D(A,n). Then {^1,^2} forms a basis for D(A,/j) if and 
only if {#1,6*2} is independent and deg(6 ) i) + deg^) = \ 
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4.1. Proofs of Theorems D and ET21 

Lemma 4.2. A and |iCi/, t/ien | A(/i) — A(z/) | = 1 . 

Proof. It follows from the fact that -D(*A, /i) D v) and Saito's 

criterion. □ 

Lemma 4.3. Assume that p,v G A' and p G v u>i£n z/# = ^ + 1 /or 
some H G A. Then 



0, 



a H 6^ ifA{p J )>A{u), 
% ifA{p)<A{y). 



Proof. Fix a homogeneous basis { M , } for L>(.A, /i), where deg(6> M ) < 
deg(0'). If A(p) > A(v), then Saito's criterion implies # M G" _D(.A, z/). 
Since G -D(^4, v), Lemma |4~!Z1 implies is a part of a homoge- 

neous basis for D(A, v). Hence we may assume that { 9" } is a 

basis for D(A, v). If A(/i) < A(u), then # M G -D(-A, which completes 
the proof. □ 

Corollary 4.4. Let p,u G C G cc(A') wrf/i p G v, and p be a saturated 
chain from p to v . Then 9 V = 

Proof. Apply Lemma [4.31 repeatedly. □ 

Lemma 4.5. For C G cc (A') 7 p G C and H G A, A\q h is unimodal, 
i.e., there exists a unique element k G C^^h such that 

A(V) < A(v) for v' C v C k or k C v C v' . 

Proof. Let z/, z/, v" G C^ij satisfy v G v 1 G v" . Assume that A(v) > 
A(z/) < A(v"). By Lemma 14.31 we may choose a basis {a^,^'} 
for .0(^4, v') such that { auQv,OLnd' } is a basis for D(A, u"). Hence 

otH0v{p-H) G S • o^f = S ■ ot U jf +2 and 9 u {au) G ■ ct^f +1 . Then 
G -D(vA, z/), which is a contradiction. □ 

Definition 4.6. For H G A, C G cc (A') and p G C, we may choose, 
by Lemma l4~ol the unique element k G C^h such that A(k) > A(p') 
for any // G C Mi # . We call this k the pea/c element with respect to C^h- 

Corollary 4.7. Let C G ccq(A'), p G C and H G A. Let k G C be the 

peak element with respect to C^h- Then, for pi G C^h, 



~ ) , /'' - < , 



e K (p 1 g «), 

4' hW 0« (kC//). 

Proof. Apply Lemmas 14.31 and 14.51 □ 



Lemma 4.8. Let C G cc(A'), and n,p,p',i/ G A. Assume that k G 
p C v, K C p! C v, and p ^ p! . 
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(1) Assume that K,fj,,/j,' G C. Then 

A(/c) > A(/x), A(«) > A(/x') A(/x) > A(i/), A(/i') > A(i/), 

A(/c) < A(/i), A(/s) < A(/x') A(/x) < A(z/),A(/x') < A(i/), 

A(k) < A(/x), A(k) > A(/x') A(//) > A(i/), A(/x') < A(i/). 

(2) Assume that /x, //, v E C . Then 

A(/i) > A(z/),A(/x') > A(i/) A(k) > A(/x),A(At) > A(/x'), 

A(/x) < A(i/), A(//) < A(//) A(«) < A(/x), A(/t) < A(/x'), 

A(/x) < A(i/), A(/x') > A(z/) A(k) > A(/x), A(k) < A(/x'). 

(3) Assume that At, /x, z/ G C. T/xen 

A(k) > A(/i) > A(i/) A(k) > A(/x') > A(z/), 

A(«) < A(/i) < A(i/) A(k) < A(/x') < A(i/), 

A(k) < A(/i) > A(i/) A(«) > A(/i') < A(i/), 

A(k) > A(/i) < A(i/) A(/c) < A(//) > A(z/). 

Proof. §\§ Assume that kh + 1 = /in and At#7 + 1 = /x#/ for some 
H H' E A. Since z/ = /x V /x', /x#/ + 1 = i/jj-/ and /x' H + 1 = v H . 
First we consider the case when A(ac) > A(/x) and A(/c) > A(/x'). 
Then A(/x) = A(/x'). It follows from Lemma 14.31 that # M = ct## K , 
M , = ct H /^. If A(/x) = A(/x') < A(i/), then A(z/) > 0, i.e., z/ G A'. 
Then Lemma 14.31 implies that 

olwQk = Ofi' — V — Op = anO K , 

which is a contradiction. 

Next we consider the case when A (At) < A(/x) and A (At) < A(/x'). 
Then A(/x) = A(/x') and A(k) < A(i/). Hence f G C. It follows from 
Lemma EO] that 6» M = 6> K , M , = 6 K . If A(/x) = A(/x') > A(/x), then 
Lemma [4.31 implies that 

aj/^K = a//^/ = Q v = an'Ofj, = 

which is a contradiction. 

Finally we consider the case when A(ac) < A(/x) and A(k) > A(/x'). 
Then A(/x) - 1 = A(/x') + 1 = A(«). Hence A(y) = A(/x) - 1 = 
A(^) + 1 = A(At). 

The same argument is valid for (j2J) and ([3]), which completes the 
proof. □ 

Remark 4.9. In case <^), © and © in LemmaSH A(z/) = 0, A(k) = 
and A(/x') = may happen, respectively. 

Lemma 4.10. Let /x, /x' G A sxac/i t/iat |/x| = |/x'| and /x 7^ /x'. T/xen x7ie 
following are equivalent: 

• j4i /easx 1 three of { /x A //, fi, /x', /i V \i! } are m i7ie same con- 
nected component C G cc(A'). 
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. (AGu V //) - A(Ai'))(A(/*) - A(// A a*')) > 0. 
. (Afo V M ') - A(//))(A(//) - A(/z A ^)) > 0. 

Proof. It directly follows from Lemma 14.81 □ 

Lemma 4.11. For /i 6 C G cc(A'), define X M fey := Ui3e,A^Wff- 
// /i satisfies A(/i) = max { A(i/) | ^ G X M } ; £/ien 

A(«) = A(/i) - d(«,^) 

for kg A d(«;, /i) < A(/x). In particular, C is the ball B(fj,, A(//)). 

Proof. Apply Lemma [4.101 repeatedly. □ 

Proo/ o/ T/ieorem[Xl Let C G cc (A') and /i G P(C). Then it follows 
from Lemma 1431 that A|c H is unimodal for all H G ^4. Hence Lemma 
14.111 completes the proof. □ 

Lemma 4.12. Let if G A and [i,v G C G cc oc (A / ) satisfy /i C // 
/i# + 1 = 7/ (C^ij-'l < oo /or some if' G .4 \ { H }, then 
\Cfj,',H'\ < °°- Moreover, for H' E A \ { H } , n is the peak element 
with respect to C^h' if and only if // is the peak element with respect 

Proof. Let \C^h'\ < oo. By Lemmas l4.10l and l4.5l \C^^h'\ = |C Mi #'|±2. 
Hence |C M / ( ff/| < oo. 

Let n be the peak element with respect to C^h 1 - It follows from 
Lemma 14.101 that // is the peak element with respect to C^ jj', and 
vice versa. □ 

Lemma 4.13. Let C G cc(A'). If there exists \i G C satisfying \C^h\ < 
oo for any H G A, then C G cco(A'). Hence, for fi G C G cc 00 (A / ), 
there exists H G A such that (C^l = oo. 

Proof. For H <E A, C <E cc(A') and [A G C, define m^u and B^ by 
m MijH - := max { A(//) | // G C M)H } and B M := { H G .4. | A(/z) = m^ H }. 
Assume that (C^^l < oo for all H G A. Let us construct v as follows: 

(1) Let v be /i. 

(2) Repeat the following until A = B v : 

(a) Choose Ho G A \ B v and the peak element v' with respect 
to C U) h - 

(b) Let v be z/. 

By the assumption and Lemma 14.121 (Cv^l < oo for all H G A and 
A(z/) = m u ' s H for all H G £v. Hence, by Lemma 14.121 B v > = B u H 
{ i^o }• Since |.4| < oo, we can always find u G C such that A(i>) = 
for all H £ A. Hence Lemma [4.1 II implies that C G cco(A'). □ 

Lemma 4.14. cc oc (A / ) = { A' H \ H G A }. 
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Proof. Lemma 14.131 implies that, for p G C G cc^A'), there exists H 
such that |C M) #| = oo. Hence if v G A satisfies 



u(H') 



U(H) + \p\ (H = H'), 



then v G C^h- By definition, v G A'h- Since p and v belong to the 
same component C, p is also in A'h- On the other hand, A'h G cCoo(A'). 
Since A'h is connected, C = A'h- □ 

Proof of Theorem lff.il Apply Lemma 14.21 and 14.141 □ 

4.2. Proof of Theorem 13.41 In this subsection we prove Theorem 
13.41 Roughly speaking, the proof is based on the observation of 9^ for 
p in some finite balls in Theorem 13.21 

Lemma 4.15. Let C G cco(A'), k G C and p G P(C). Then we can 
construct 9 p from 9 K , and vice versa. 

Proof. By Theorem 13.21 p A k G C. It follows from Lemma 14.41 that 

9^ = a~9^ K , 

for some saturated chains p and p' . Hence we have 

9 a = ~^9 K , 

ay 

ay 

9 K = 9a- 



- J v 

a p 



□ 



Lemma 4.16. Let C G cco(A') and p,,v G C. Then {9 p ,9 u } is S- 
linearly dependent. 

Proof. The lemma follows from Lemma 14.151 □ 

Lemma 4.17. Let p, v G A' satisfy d(p,v) = 2. If A(k) = for all 
k G A such that d(p,n) = d(u, k) = 1, then {9^,9,^} is S-linearly 
independent. 

Proof. First assume that p H + 2 = v H for some H G A and pn" = ^h" 
for H" G A \ { H }. Let k G A be the element such that p C k C v. 
Since A(k) = 0, 9 p G" D(^4, /t). Hence 0^6^ G D(^4, and is a part 
of basis. Let { 0^6^, 9' } be a basis for the S'-module _D(*4., n). Since 
-D(A z/) C D(A, k), 9 V = aa H 9 IM + b9' for some a,b G K. If { ^ } 
is S'-linearly dependent, then 6 = 0, i.e., 9 V = aau9 il . Since au9 il G 
D(A } v\ oiu9 il {(Xu) G S ■ a U jf = S-a^ H+1 . Hence 9 p {an) G S ■ a 1 ^ 1 and 
6> M G D (^4, k), which is a contradiction. 
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Next assume that \xu + 1 = v H and /jLh' + 1 = vw f° r some H, H' G A 
and Hh" = v h" for H" G .4 \ { H, H' }. Let k G A be the element 
such that K# = ix h + 1 and = Vjjn for if" G A \ { H }, and 

G A such that = \xw + 1 and Kh" = Vh>> for G .4. \ { if' }. 
By the assumption, A(«) = A(tz') = 0. Hence 9^ G' D(A,k) and 
M G" -D(^4, k')- Let { anOfi, 9' } be a basis for the S- module £>(*4, «). 
Since 0„ G .D(.A, ^) C -D(*4, ft), 0^ = aau9 ll + W. for some a, 6 G K. 
If { Op, 9 V } is S-linearly dependent, then 9 V = aau9 ll . Since 9 j/ (qzh') = 

a&HOfii&H') G 5 • a#T = S ■ a^f' , 9 fJi (aH>) G S ■ a^f' . Hence 9^ G 
D(A, k'), which is contradiction. 

Finally assume that fxjj + 1 = Vb-i = ^h' + 1 for some H, H' G A 
and = Uh" for i/" G -4\{ H, H' }. Let ft = llAu and = \i\lv. By 
the assumption, A(k') = A(«) = 0. Hence 0^,0,, G" «'). We may 
choose a basis { 6^, 9' } for -D(.4, k) such that { 9^, olh9' } is a basis for 
D(A,fx). Since D(A, v) C D(.A, re), 9 V = a9^ + W for some a, b G K. 
If { } is S'-linearly dependent, then 9 V = a9 fl . Since 9 V = a9 il G 
D(A, fx) fl D(A, v), 9 V G -D(*4, re') which is a contradiction. □ 

Lemma 4.18. If fx,v G -P(A') satisfy d(fx,u) = A(/i) + A(i/), t/ien 
{ ^ } is S -linearly independent. 

Proof By the assumption, there exist some //, v' G A' such that 

• d(n', v') = 2, 

• A(re) = for all re G A such that <i(/i', re) = cf(i/, re) = 1, 

• //,//' G C G ccq(A'), and 

• z/,z/ G C" G cco(A'). 

By Lemma 14.171 { 9^r,9 u r } is S'-linearly independent. Hence Lemma 
14.151 completes proof. □ 

Proof of Theorem \3.4\ Apply Lemma 14.161 and 14.181 □ 



4.3. Proof of Theorem S31 

Lemma 4.19. Assume that fj,, v G A' satisfy A(fx) + A(u) = d(/j,u), 
and that { 9^, 9 V } is S-linearly independent. Then { 9 U } is a basis 
for D(A, /xAu). 

Proof. Since {jx A v)h = niin { Vh } for H G .4., 
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On the other hand, 

deg( W+ deg W = M^M + H^M 

_ \fi\ + \u\ - A(fi) - 
2 

\fi\ + \u\ - d(fi, u) 
~ 2 



HeA 

= ^ min { Vh, u h } = \/iAu\. 
HeA 

Since fiAu C /i, u, it follows that { 9^, Q v } is a basis for -D(.4, fj.Au). □ 

Lemma 4.20. Assume that fj, u G A' satisfy A(/i) + A(z/) = d(fj,u) 
and that {6^,6^} is S-linearly independent. For k G A suc/i t/iat 
fj A u d k d fjV u , let us define 



max{ kh—IJ-h,0 } 

HeA 



T/iere { a^ K 9^, a VjK d v } is a basis for D(A, k). 

Proof. Note that deg(a AljK ) + deg(aj, iK ) = fi Av) and that ol^ k Q^ 
®-v,k,9v ^ -0(^4., «)• Thus Saito's criterion completes the proof. □ 

Proof of Theorem \3.Sl By Theorem 13 .41 { 0„ } is S-linearly indepen- 
dent. Hence Lemma [4.201 completes the proof. □ 

5. Application 

In this section, we consider the case when a group acts on V. Let 
W be a group acting on V from the left. Canonically, this action 
induces actions on S and Deris'), i.e., W acts on S and Der^S 1 ) by 
(*/)(«) = f(a- l v) and (a5)(f) = a{6{a~ l /)) for a G / G 5, 
5 G Der^S") and v G V. For each a G W, we assume A = a A. In this 
case, W also acts on A as a subgroup of the symmetric group of A. 
Hence W also acts on A by (cr/i)# = fi^-iH- 

Lemma 5.1. For fj G A and a G 14 7 , A(/i) = A(afi). 

Proof. If { 0, 0' } be a homogeneous basis for £)(^4, fi), then { cr#, <7#' } 
is a homogeneous basis for D(A, o~fj). □ 

Next we assume that A w = 0, i.e., for each HeA, there exists 
&H £ W such that o~hH ^ H. 
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Lemma 5.2. Let fi G A satisfy afi = fi for all a G W . Let fi,u G A 
satisfy that fi C v, fi' C ^ /or a// // C //, and A(fi) — A(u) > d(fi, v) —4. 
Let KG A satisfy k C // /or a// fi' C /i and A(n) — A(z/) > e£(/c, z/) — 4. 
T/ien // G P(A') . 

Proof. It suffices to show that A(//) < A(/i) if /i C // or // C /U. First 
let us assume fi C //, A(/i') > A(/i) and // H 7^ hh- Since ^l 1 ^ = 0, 
H 7^ cri/ for some a G W. For such cr, we have cr/i' 7^ fi'. By Lemma 



A(/x' V afi') = A(fi') + 1 
= A(fi) + 2. 

By Lemma EH A(// V<r//) = A(/i) + 2 < d(u, fx' V aft') + A(u). Since 
d(i/, //' V cr/i') + A(i/) = d(v, fi) — 2 + A(u), A(fi) - A(u) < d{v, fi) - 4, 
which is a contradiction. 

The same argument is valid for the case where fi' C fi, A(fi') > A(fi) 
and fi' H 7^ /ij^. Hence we have the lemma. □ 

As an application of the results above, we consider the exponents of 
Coxeter arrangements of type B 2 and G 2 defined as follows: 

Definition 5.3. We call a hyperplane arrangement 



a Coxeter arrangement of type G 2 . 

It is shown by Terao in [9] that the constant multiplicity is free and 
the exponents are also determined. We give the meaning of Terao's 
result from our point of view, i.e., the role of constant multiplicity in 
the multiplicity lattice. 

Proposition 5.4. Let A be a Coxeter arrangement of type B 2 or G 2 
Then (2k + 1, . . . , 2k + 1) G P(A'). 

Proof. First we consider the case when the type of A is G 2 . In this case, 
we can take the Weyl group of type G 2 as W . Let v = (2k+2, . . . , 2k+2) 
and k = (2k, . . . , 2k). Then d(fi, v) = d(fi, k) = 6. Since A(fi) = 4 and 
A(» = A(k) = by p], it follows from Lemma EH that fi G P(A). 

Next we consider the case when the type of A is B 2 and W is the 
Weyl group of type B 2 . Then d(fi, v) = d(fi, k) = 4, where fi, v, k are 
the same as the above. Since A(fi) = 2 and A(v) = A(k) = by [9], 
ft G -P(A). ' □ 

Now we can determine the basis and exponents of multiplicities on 
Coxeter arrangements when they are near the constant one, which is 
based on the primitive derivation methods in [9] and \12\ . 



KM 



A = { ker(x), ker(y), ker(x + y), ker(x — y) } 



a Coxeter arrangement of type B 2 and 
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Corollary 5.5. Let A be a Coxeter arrangement of type B 2 , fi = (2k + 
1, ... ,2ft + 1) 6 A and i G l) A \ such that J2h I 

zjj- 1 < |^4| . If v G A is 

defined by vu = f-n + in, then exp(*4, v) = (4k + 1 + \ig\,Ak + 3). 

Corollary 5.6. Let A be a Coxeter arrangement of type G2, /i = (2k + 
1, . . . ,2k + 1) G A and i G Z 1 " 41 such that J2 H M < l-^l- V v e A ls 
defined by vh = f-H + in, then exp(^4, v) = (6k + 1 + \ih\, 6/c + 5). 

The proofs of above corollaries are completed by applying Corollary 
13.31 and Proposition 15.41 

Remark 5.7. In the forthcoming paper [1] the argument in this sec- 
tion is generalized to determine the centers of the balls of any 2- 
multiarrangements which admit some cyclic group actions. 
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